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1 Introduction
An understanding of the Weyl group of an affine Lie algebra resides in the basis of affine
Lie algebra theory [1]. Just as in the case of the usual finite dimensional Lie algebras, the
(affine) Weyl group is fundamental in discussions on e.g. characters. In applications of
the Weyl group it is sometimes of importance to be able to decompose the Weyl reflections
into products of fundamental reflections which are reflections with respect to simple roots.
This is the case when considering singular vectors along the lines of Malikov, Feigin and
Fuks [2].
The main result in this paper is the presentation of explicit decompositions into
fundamental reflections of all Weyl reflections in all affine Lie algebras based on simple
finite dimensional Lie algebras of the types Ar, Br, Cr, Dr, E6, E7, E8, F4 and G2. The
decompositions we present rely on a new universal lemma and on well known explicit,
algebra dependent realizations of the root systems in the associated finite dimensional
Lie algebras (see e.g. [3]). The lemma reduces the problem to an associated problem of
decomposing classical Weyl reflections. By classical Weyl reflections we mean reflections
in a standard finite dimensional Lie algebra. Explicit decompositions of the classical Weyl
reflections are also worked out. To the best of our knowledge, explicit decompositions of
affine Weyl reflections are only known in a few examples, see e.g. [4, 5].
Our motivation for considering explicit decompositions of affine Weyl reflections is
the wish to use them in a study of fusion rules in conformal field theories based on affine
current algebras [6]. In that respect explicit decompositions are necessary in order to
generalize a work by Awata and Yamada [7] on fusion rules for affine SL(2) current alge-
bra. Recently, their approach has been used to determine the fusion rules for admissible
representations [8, 9] of affine OSp(1|2) current algebra [10]. Moreover, one needs dif-
ferential operator realizations of the underlying finite dimensional Lie algebras. In the
work [11, 12] by Petersen, Yu and the present author, such realizations have been worked
out for all simple finite dimensional Lie algebras. The decompositions presented in this
paper then allow generalizing the work [7].
The remaining part of the paper is organized as follows. Section 2 serves to fix
notation. Some basic Lie algebra and affine Lie algebra properties are reviewed. In
Section 3 explicit decompositions of affine Weyl reflections are worked out first in terms
of simple reflections and classical Weyl reflections of the associated finite dimensional Lie
algebra. The classical Weyl reflections are then decomposed into fundamental reflections.
Section 4 contains concluding remarks, while explicit, algebra dependent realizations of
root systems in finite dimensional Lie algebras are reviewed in Appendix A.
2 Notation
2.1 Lie Algebras
Let g be a simple Lie algebra of rank g = r. h is a Cartan subalgebra of g. The set of
(positive) roots is denoted (∆+) ∆, and we write α > 0 if α ∈ ∆+. The simple roots
are {αi}i=1,...,r. θ is the highest root, while α
∨ = 2α/α2 is the root dual to α. Using the
1
triangular decomposition
g = g− ⊕ h⊕ g+ (1)
the raising and lowering generators are denoted eα ∈ g+ and fα ∈ g− respectively with
α ∈ ∆+, and hi ∈ h are the Cartan generators. We let ja denote an arbitrary Lie algebra
generator. For simple roots one sometimes writes ei = eαi , fi = fαi . The 3r generators
ei, hi, fi are the Chevalley generators. Their commutator relations are
[hi, hj] = 0 [ei, fj] = δijhj
[hi, ej ] = Aijej [hi, fj] = −Aijfj (2)
where Aij is the Cartan matrix. In the Cartan-Weyl basis we have
[hi, eα] = (α
∨
i , α)eα , [hi, fα] = −(α
∨
i , α)fα (3)
and
[eα, fα] = hα = G
ij(α∨i , α
∨)hj (4)
where the metricGij is related to the Cartan matrix as Aij = α
∨
i ·αj = (α
∨
i , αj) = Gijα
2
j/2,
while the non-vanishing elements of the Cartan-Killing form are
κα,−β = κ(eαfβ) =
2
α2
δα,β , κij = κ(hihj) = Gij (5)
The Weyl reflections σα acting on λ ∈ h
∗ (or equivalently on β ∈ ∆) are defined by
σα(λ) = λ− (λ, α
∨)α (6)
and are generators of the Weyl group. It is easily seen that
σ−1α = σα , σ−α = σα , σσα(β) = σα ◦ σβ ◦ σα (7)
2.2 Affine Lie Algebras
The loop algebra gt = g ⊗ C[t, t
−1] is generated by the elements ja(n) = ja ⊗ t
n with
defining commutator relations
[ja(n), jb(m)] = [ja, jb](n+m) (8)
It may be centrally extended by adding to it a central algebra element k which may be
treated as a constant since it commutes with all generators. Denoting the generators by
capital letters we have the following commutator relations of the extended algebra
[Ja(n), Jb(m)] = fab
cJc(n+m) + κabknδn+m,0 (9)
By further including a derivation D satisfying
[D, Ja(n)] = nJa(n) , [D, k] = 0 (10)
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one has obtained an affine Lie algebra of level k∨ where
k∨ =
2k
θ2
(11)
Note that whenever we consider affine Lie algebras in connection with the Virasoro al-
gebra (through the Sugawara construction) we may take D = −L0. Also note that the
generators {Ja(n)} are the modes of the currents J¯a(z) in an affine current algebra
J¯a(z)J¯b(w) =
κabk
(z − w)2
+
fab
cJ¯c(w)
z − w
+ regular terms
J¯a(z) =
∑
n∈ZZ
Ja(n)z
−n−1 (12)
The roots αˆ with respect to (H, k,D) are
αˆ = αˆ(n) = (α, 0, n) (13)
and
αˆ = nδ = (0, 0, n) , n ∈ ZZ \ {0} (14)
The simple roots are
αˆi = (αi, 0, 0) , 1 ≤ i ≤ r
αˆ0 = (−θ, 0, 1) (15)
and thus, the positive roots are
αˆ = (α, 0, n) , n > 0 or (n = 0, α > 0) (16)
Weyl reflections (with respect to the roots (13)) of the weight lattice of an affine Lie
algebra are defined by
σαˆ(Λ) = Λ− Λ · αˆ
∨αˆ (17)
where the scalar product of 2 elements Λ = (λ, k,m) and Λ′ = (λ′, k′, m′) is defined by
(Λ,Λ′) = Λ · Λ′ = λ · λ′ + km′ + k′m (18)
Reflections with respect to the simple roots are sometimes written σi, i = 0, ..., r. It
is obvious that σ−1αˆ = σαˆ, and it is easily seen that the Weyl reflection with respect to
αˆ = (α, 0, n) takes the weight Λ = (λ, k,m) to
σαˆ(Λ) =
(
σα(λn(α
∨)), k,m+
1
2k
(λ2 − λ2n(α
∨))
)
λn(α
∨) = λ+ nkα∨ (19)
Inspired by this one may introduce the translation operators tα∨ defined by
tα∨(Λ) =
(
λ1(α
∨), k,m+
1
2k
(λ2 − λ21(α
∨))
)
(20)
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By induction it is seen that for all n ∈ ZZ
tnα∨(Λ) =
(
λn(α
∨), k,m+
1
2k
(λ2 − λ2n(α
∨))
)
(21)
The translation operators satisfy
tα∨+β∨ = tα∨ ◦ tβ∨ = tβ∨ ◦ tα∨ , t−α∨ = t
−1
α∨ (22)
and in particular
σαˆ = σα ◦ t
n
α∨ (23)
where the definition of the Weyl reflection σα is trivially generalized to the following
action on r + 2 dimensional weights Λ = (λ, k,m):
σα(Λ) = σ(α,0,0)(Λ) = (σα(λ), k,m) (24)
Furthermore, the translation operator satisfies
tσα(β∨) = σα ◦ tβ∨ ◦ σα (25)
and from this it follows immediately that
tα∨ = σ(−α,0,1) ◦ σ(α,0,0) (26)
and in particular
tθ∨ = σ0 ◦ σθ (27)
Thus, in the case of SL(2) where r = 1 and hence θ = α1, a general (positive) affine
Weyl reflection may be decomposed as
σ(θ,0,n) = σ1 ◦ (σ0 ◦ σ1)
n (28)
3 Decompositions of Affine Weyl Reflections
Let us first present the following lemma which is a key ingredient in our decomposition
procedure of affine Weyl reflections
Lemma
tα∨ = σ0 ◦ σθ−α ◦ σ0 ◦ σα , θ
∨ · α = 1 (29)
Even though the proof of the lemma is straightforward, it seems to be a new result. Note
that the condition θ∨ · α = 1 implies θ − α > 0 (see e.g. [13]).
A general affine Weyl reflection σαˆ, αˆ = (α, 0, n), may be written
σαˆ = σα ◦ t
n
α∨ = σα ◦
(
tα∨
i1
◦ ... ◦ tα∨
iN
)n
(30)
where
α∨ = α∨i1 + ... + α
∨
iN
(31)
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is a unique (integer) expansion of the dual root α∨ on dual simple roots α∨i . Here we
have assumed that α > 0. For αˆ = (−α, 0, n) with α > 0, we have
σαˆ = σ−α ◦ t
n
−α∨ = σα ◦
(
tα∨
i1
◦ ... ◦ tα∨
iN
)−n
(32)
This reduces our first problem of decomposing the affine Weyl reflections in terms of fun-
damental reflections and classical Weyl reflections, to one of determining the translation
operators with respect to dual simple roots.
Using the explicit representations of the root systems in Appendix A, it turns out
that in the (generally non-unique) representation
α∨i = θ
∨ − β
(i)∨
1 − ...− β
(i)∨
Mi
(33)
of α∨i , one needs at most 2 dual positive roots β
(i)∨
j , that is M = 1, 2 (M = 0 only in the
simple case of A1 ≃ sl(2)). This means that
tα∨
i
= t
θ∨−β
(i)∨
1 −β
(i)∨
2
= t−1
β
(i)∨
1
◦ t−1
β
(i)∨
2
◦ tθ∨ (34)
Example by example one may now attempt to use the lemma on tβ∨1 (and for M = 2 also
on tβ∨2 ). It turns out that in most cases the lemma applies. However, for tα∨i , 1 < i < r,
in Cr (and for tα∨1 in Cr and for tα∨2 in G2, see below) it does not apply directly, but one
may then repeat the procedure for β∨j = θ
∨ − γ∨1 − ...− γ
∨
M ′. Indeed we may write
α∨i = θ
∨ − (α−1i)
∨ − α∨i+1,i+1
tα∨
i
= t−1
(α−1i)
∨
◦ t−1α∨
i+1,i+1
◦ tθ∨ (35)
where θ∨ · α−1i = 1, but θ
∨ · αi+1,i+1 6= 1. In the second step we write
α∨i+1,i+1 = θ
∨ − (α−1,i+1)
∨ , θ∨ · α−1,i+1 = 1
tα∨
i+1,i+1
= tθ∨ ◦ t
−1
(α−1,i+1)
∨
(36)
and in conclusion we have
tα∨
i
= t−1
(α−1i)
∨
◦ t(α−1,i+1)∨
= σα−1i
◦ σ0 ◦ σα+1i
◦ σα+1,i+1
◦ σ0 ◦ σα−1,i+1
(37)
In the following Table 1 and Table 2 we have summarized our findings.
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Table 1
g Fundamental translations
Ar tα∨1 = σα2,r+1 ◦ σ0 ◦ σα1 ◦ σθ
tα∨
i
= σα1i ◦ σ0 ◦ σαi,r+1 ◦ σ0 ◦ σαi+1,r+1 ◦ σ0 ◦ σα1,i+1 ◦ σθ 1 < i < r
tα∨r = σα1r ◦ σ0 ◦ σαr ◦ σθ
Br tα∨1 = σα22 ◦ σ0 ◦ σα11 ◦ σθ
tα∨2 = σα+13
◦ σ0 ◦ σα2 ◦ σθ
tα∨
i
= σα−1i
◦ σ0 ◦ σα+2i
◦ σ0 ◦ σα+2,i+1
◦ σ0 ◦ σα−1,i+1
◦ σθ 2 < i < r
tα∨r = σα−1r
◦ σ0 ◦ σα+2r
◦ σ0 ◦ σα−2r
◦ σ0 ◦ σα+1r
◦ σθ
Cr tα∨1 = σ0 ◦ σα+12
◦ σ0 ◦ σα1
tα∨
i
= σα−1i
◦ σ0 ◦ σα+1i
◦ σα+1,i+1
◦ σ0 ◦ σα−1,i+1
1 < i < r
tα∨r = σα−1r
◦ σ0 ◦ σα+1r
◦ σθ
Dr tα∨1 = σα−2r
◦ σ0 ◦ σα+1r
◦ σ0 ◦ σα+2r
◦ σ0 ◦ σα−1r
◦ σθ
tα∨2 = σα+13
◦ σ0 ◦ σα2 ◦ σθ
tα∨
i
= σα−1i
◦ σ0 ◦ σα+2i
◦ σ0 ◦ σα+2,i+1
◦ σ0 ◦ σα−1,i+1
◦ σθ 2 < i < r
tα∨r = σα−1,r−1
◦ σ0 ◦ σα+2,r−1
◦ σ0 ◦ σα−2r
◦ σ0 ◦ σα+1r
◦ σθ
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Table 2
g Fundamental translations
E6 tα∨1 = σα+−−++ ◦ σ0 ◦ σα+23
◦ σ0 ◦ σα+13
◦ σ0 ◦ σα−+−++ ◦ σθ
tα∨2 = σα++−−+ ◦ σ0 ◦ σα+34
◦ σ0 ◦ σα+24
◦ σ0 ◦ σα+−+−+ ◦ σθ
tα∨3 = σα+++−− ◦ σ0 ◦ σα+45
◦ σ0 ◦ σα+35
◦ σ0 ◦ σα++−+− ◦ σθ
tα∨4 = σα−+++− ◦ σ0 ◦ σα+15
◦ σ0 ◦ σα+14
◦ σ0 ◦ σα−++−+ ◦ σθ
tα∨5 = σα+23
◦ σ0 ◦ σα+−−++ ◦ σ0 ◦ σα+45
◦ σ0 ◦ σα+++−− ◦ σθ
tα∨6 = σα−−+++ ◦ σ0 ◦ σα6 ◦ σθ
E7 tα∨1 = σα+−++++ ◦ σ0 ◦ σα−+−−−− ◦ σ0 ◦ σα+−−−−− ◦ σ0 ◦ σα−+++++ ◦ σθ
tα∨2 = σα++−+++ ◦ σ0 ◦ σα−−+−−− ◦ σ0 ◦ σα−+−−−− ◦ σ0 ◦ σα+−++++ ◦ σθ
tα∨3 = σα+++−++ ◦ σ0 ◦ σα−−−+−− ◦ σ0 ◦ σα−−+−−− ◦ σ0 ◦ σα++−+++ ◦ σθ
tα∨4 = σα++++−+ ◦ σ0 ◦ σα−−−−+− ◦ σ0 ◦ σα−−−+−− ◦ σ0 ◦ σα+++−++ ◦ σθ
tα∨5 = σα+++++− ◦ σ0 ◦ σα−−−−−+ ◦ σ0 ◦ σα−−−−+− ◦ σ0 ◦ σα++++−+ ◦ σθ
tα∨6 = σα−+++++ ◦ σ0 ◦ σα6 ◦ σθ
tα∨7 = σα−−+++− ◦ σ0 ◦ σα++−−−+ ◦ σ0 ◦ σα−−−−−+ ◦ σ0 ◦ σα+++++− ◦ σθ
E8 tα∨
i
= σα+
i7
◦ σ0 ◦ σα−
i8
◦ σ0 ◦ σα−
i+1,8
◦ σ0 ◦ σα+
i+1,7
◦ σθ 1 ≤ i ≤ 5
tα∨6 = σα+68
◦ σ0 ◦ σα6 ◦ σθ
tα∨7 = σα−−+++++ ◦ σ0 ◦ σα++−−−−+ ◦ σ0 ◦ σα+27
◦ σ0 ◦ σα−28
◦ σθ
tα∨8 = σα−17 ◦ σ0 ◦ σα
+
18
◦ σ0 ◦ σα−28 ◦ σ0 ◦ σα
+
27
◦ σθ
F4 tα∨1 = σα+23
◦ σ0 ◦ σα−13
◦ σ0 ◦ σα+24
◦ σ0 ◦ σα−14
◦ σθ
tα∨2 = σα+13
◦ σ0 ◦ σα2 ◦ σθ
tα∨3 = σα−13
◦ σ0 ◦ σα+23
◦ σ0 ◦ σα+24
◦ σ0 ◦ σα−14
◦ σθ
tα∨4 = σα−14
◦ σ0 ◦ σα+24
◦ σ0 ◦ σα−24
◦ σ0 ◦ σα+14
◦ σθ
G2 tα∨1 = σα2 ◦ σ0 ◦ σα+−+ ◦ σ0 ◦ σα2 ◦ σ0 ◦ σα+−+ ◦ σθ
tα∨2 = σ0 ◦ σα+−+ ◦ σ0 ◦ σα2
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Note that these expressions are neither unique, nor necessarily irreducible. First of all
because our construction itself is not unique. Let us illustrate this by considering some
examples. A simple one is provided by tα∨1 in E7 where α
∨
1 may be represented in several
ways
α∨1 = θ
∨ − α∨+−abcd − α
∨
+−a′b′c′d′
(a, b, c, d) = −(a′, b′, c′, d′) (38)
Here there is an even number of minus signs amongst the signs a, b, c, d, and therefore also
amongst the signs a′, b′, c′, d′. The result in Table 2 is based on the choice a = b = c = d =
+. More generally, the commutativity of the translation operators immediately spoils an
a priori possible uniqueness of the procedure. Furthermore, a very simple alternative to
the general procedure for obtaining tα∨
i
exists when αi · θ
∨ = 1, since in that case the
lemma applies directly on αi. In the following Table 3 we have listed those simple roots.
Table 3
g Ar Br Cr Dr E6 E7 E8 F4 G2
αi : αi · θ
∨ = 1 α1, αr α2 α1 α2 α6 α6 α6 α2 α2
It will depend on the application which representation of the corresponding translation
operator tα∨
i
that is superior. Let us finally comment on G2 where the procedure does
not apply directly due to
tθ∨ = tα∨1 ◦ t
2
α∨2
(39)
However, α2 · θ
∨ = 1 so we may simply use the lemma, the result of which is in Table 2
of fundamental translations above. Similarly, the result for tα∨1 in Cr is obtained directly
from the lemma, c.f. Table 3 above.
3.1 Decompositions of Classical Weyl Reflections
It remains to account for how to decompose the classical Weyl reflections. For this
purpose we use that if β · α∨ > 0 then β · α∨ = 1, 2, 3 and β − α ∈ ∆, and that from (7)
it follows that
σβ = σα ◦ σβ−β·α∨α ◦ σα (40)
Let us illustrate our procedure for decomposing an arbitrary Weyl reflection by consid-
ering the case of Br where the root type α
−
ij may be expanded as
α−ij = αj−1 + ...+ αi (41)
We see that
(αj−1 + ... + αi′) · α
∨
i′ = 1 , i
′ = i, ..., j − 2 (42)
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so according to (40) the decomposition in Table 4 immediately follows. Similarly, the
expansion
αii = αr + ...+ αi (43)
leads to the decomposition of σαii . Finally, we have
α+ij = αii + αjj , α
+
ij · α
∨
jj = 2 (44)
so according to (40)
σα+
ij
= σαjj ◦ σα+
ij
−2αjj
◦ σαjj = σαjj ◦ σα−
ij
◦ σαjj (45)
In Table 4, Table 5 and Table 6 we have summarized our findings for all simple finite
dimensional Lie algebras. Note that for notational reasons, the decomposition of a Weyl
reflection σα may depend on other decompositions given (above it) in the tables.
Table 4
g Decompositions of classical Weyl reflections
Ar σαij = σi ◦ ... ◦ σj−2 ◦ σj−1 ◦ σj−2 ◦ ... ◦ σi
Br σα−
ij
= σi ◦ ... ◦ σj−2 ◦ σj−1 ◦ σj−2 ◦ ... ◦ σi
σαii = σi ◦ ... ◦ σr−1 ◦ σr ◦ σr−1 ◦ ... ◦ σi i 6= r
σα+
ij
= σαjj ◦ σα−
ij
◦ σαjj
Cr σα−
ij
= σi ◦ ... ◦ σj−2 ◦ σj−1 ◦ σj−2 ◦ ... ◦ σi
σα+
ir
= σr ◦ ... ◦ σi ◦ ... ◦ σr
σα+
ij
= σj ◦ ... ◦ σr−1 ◦ σα+
ir
◦ σr−1 ◦ ... ◦ σj j < r
σαii = σα−
ir
◦ σr ◦ σα−
ir
i 6= r
Dr σα−
ij
= σi ◦ ... ◦ σj−2 ◦ σj−1 ◦ σj−2 ◦ ... ◦ σi
σα+
ir
= σr ◦ σr−2 ◦ ... ◦ σi ◦ ... ◦ σr−2 ◦ σr i < r − 1
σα+
i,r−1
= σr ◦ σr−1 ◦ ... ◦ σi ◦ ... ◦ σr−1 ◦ σr
σα+
ij
= σj ◦ ... ◦ σr−2 ◦ σα+
i,r−1
◦ σr−2 ◦ ... ◦ σj j < r − 1
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Table 5
g Decompositions of classical Weyl reflections
E6 σα−
ij
= σi ◦ ... ◦ σj−2 ◦ σj−1 ◦ σj−2 ◦ ... ◦ σi
σα+1j
= σ6 ◦ σα−2j
◦ σ6 3 ≤ j ≤ 5
σα+2j
= σ6 ◦ σα−1j
◦ σ6
σα+3j
= σ2 ◦ σα+2j
◦ σ2
σα+45
= σ3 ◦ σα+35
◦ σ3
σα±±±±± |(one +, position i)= σα−1i
◦ σ5 ◦ σα−1i
i 6= 1
σα±±±±± |(three +, positions i<j<k)= σα+
jk
◦ σ5 ◦ σα+
jk
i = 1
σα±±±±± |(three +, positions i<j<k)= σα+
jk
◦ σα−1i
◦ σ5 ◦ σα−1i
◦ σα+
jk
i 6= 1
σα+++++ = σα+45
◦ σα+23
◦ σ5 ◦ σα+23
◦ σα+45
E7 σα−
ij
= σi ◦ ... ◦ σj−2 ◦ σj−1 ◦ σj−2 ◦ ... ◦ σi
σα+1j
= σ7 ◦ σα−2j
◦ σ7 3 ≤ j ≤ 6
σα+2j
= σ7 ◦ σα−1j
◦ σ7
σα+3j
= σ2 ◦ σα+2j
◦ σ2
σα+4j
= σ3 ◦ σα+3j
◦ σ3
σα+56
= σ4 ◦ σα+46
◦ σ4
σα±±±±±± |(one +, position i)= σα−1i
◦ σ6 ◦ σα−1i
i 6= 1
σα±±±±±± |(three +, positions i<j<k)= σα+
jk
◦ σ6 ◦ σα+
jk
i = 1
σα±±±±±± |(three +, positions i<j<k)= σα+
jk
◦ σα−1i
◦ σ6 ◦ σα−1i
◦ σα+
jk
i 6= 1
σα±±±±±± |(five +, positions i<j<k<l<m)= σα+
lm
◦ σα+
jk
◦ σ6 ◦ σα+
jk
◦ σα+
lm
i = 1
σα−+++++ = σα+56 ◦ σα
+
34
◦ σα−12 ◦ σ6 ◦ σα
−
12
◦ σα+34 ◦ σα
+
56
σθ = σ6 ◦ σα−+++++ ◦ σ6
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Table 6
g Decompositions of classical Weyl reflections
E8 σα−
ij
= σi ◦ ... ◦ σj−2 ◦ σj−1 ◦ σj−2 ◦ ... ◦ σi j 6= 8
σα+1j
= σ8 ◦ σα−2j
◦ σ8 3 ≤ j ≤ 7
σα+2j
= σ8 ◦ σα−1j
◦ σ8 3 ≤ j ≤ 7
σα+
ij
= σi−1 ◦ σα+
i−1,j
◦ σi−1 3 ≤ i ≤ 6
j 6= 8
σα±±±±±±± |(one +, position i)= σα−1i
◦ σ7 ◦ σα−1i
i 6= 1
σα±±±±±±± |(three +, positions i<j<k)= σα+
jk
◦ σ7 ◦ σα+
jk
i = 1
σα±±±±±±± |(three +, positions i<j<k)= σα+
jk
◦ σα−1i
◦ σ7 ◦ σα−1i
◦ σα+
jk
i 6= 1
σα±±±±±±± |(five +, positions i<j<k<l<m)= σα+
lm
◦ σα+
jk
◦ σ7 ◦ σα+
jk
◦ σα+
lm
i = 1
σα±±±±±±± |(five +, positions i<j<k<l<m)
= σα+
lm
◦ σα+
jk
◦ σα−1i
◦ σ7 ◦ σα−1i
◦ σα+
jk
◦ σα+
lm
i 6= 1
σα+++++++ = σα+67
◦ σα+45
◦ σα+23
◦ σ7 ◦ σα+23
◦ σα+45
◦ σα+67
σα−78
= σ7 ◦ σα−+++++− ◦ σ7
σα−
i8
= σi ◦ σα−
i+1,8
◦ σi i < 7
σα+18
= σ7 ◦ σα+++++++ ◦ σ7
σα+
i8
= σi−1 ◦ σα+
i−1,8
◦ σi−1 2 ≤ i ≤ 7
F4 σα−−+ = σ4 ◦ σ1 ◦ σ4 σα−+− = σ3 ◦ σα−−+ ◦ σ3
σα−++ = σ4 ◦ σα−+− ◦ σ4 σα+−+ = σ2 ◦ σα−++ ◦ σ2
σα++− = σ3 ◦ σα+−+ ◦ σ3 σα+++ = σ4 ◦ σα++− ◦ σ4
σα+−− = σ2 ◦ σα−+− ◦ σ2
σα11 = σ1 ◦ σα+++ ◦ σ1 σα22 = σα−++ ◦ σα+++ ◦ σα−++
σα33 = σα+−+ ◦ σα+++ ◦ σα+−+
σα−24
= σ3 ◦ σ2 ◦ σ3 σα−12
= σα−−+ ◦ σ3 ◦ σα−−+
σα−13
= σα−−+ ◦ σα−24
◦ σα−−+ σα−14
= σα−+− ◦ σ2 ◦ σα−+−
σα+
ij
= σαjj ◦ σα−
ij
◦ σαjj
G2 σα13 = σ2 ◦ σ1 ◦ σ2 σα23 = σ1 ◦ σ2 ◦ σ1 ◦ σ2 ◦ σ1
σα+−+ = σ1 ◦ σ2 ◦ σ1 σθ = σ2 ◦ σ1 ◦ σ2 ◦ σ1 ◦ σ2
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Obviously, these decompositions are not unique. In Table 4, Table 5 and Table 6 we have
only listed one solution for each type of roots and not included all the fundamental Weyl
reflections themselves.
4 Conclusions
In this paper we have provided explicit decompositions of affine Weyl reflections in terms
of fundamental reflections. Together with the differential operator realizations of the
Lie algebras [11, 12], this result allows generalizing the work [7] on fusion rules in affine
SL(2) current algebra to more general affine current algebras. We intend to come back
elsewhere with a discussion along these lines [6].
Generalizations to superalgebras are also interesting. Recently, we have presented
differential operator realizations of basic Lie superalgebras [14]. However, in order to
determine the fusion rules in affine current superalgebras along the lines of Awata and
Yamada [7] we need to work out not only decompositions of affine Weyl (super-)reflections
but also Malikov-Feigin-Fuks type [2] expressions for the singular vectors. Studies of these
issues would be interesting to undertake in future works.
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A Embedding of Root Systems
In this appendix we review the well known embeddings (see e.g. [3]) of the root systems
in Rn by means of an orthonormal basis {ei}i=1,...,n. In the case of g = Br, Cr, Dr, E8, F4
we have n = r, in the case of g = Ar, E7, G2 we have n = r+1 while for g = E6 n = r+2.
The normalizations of the root systems are such that the short roots have length squared
equal to 2, except for Br and F4 where the long roots have length squared equal to 2.
However, a fixing of the root lengths here is of no importance for the general arguments
in the main body of this paper where we keep the normalization of the root system (θ2) a
free parameter. The explicit embeddings are given in the following tables, Table 7, Table
8 and Table 9.
Table 7
g Simple roots ∆+
Ar αi = ei − ei+1 1 ≤ i ≤ r αij = ei − ej 1 ≤ i < j ≤ r + 1
θ =
∑r
i=1 αi = e1 − er+1
Br αi = ei − ei+1 1 ≤ i < r α
±
ij = ei ± ej 1 ≤ i < j ≤ r
αr = er αii = ei 1 ≤ i ≤ r
θ = α1 + 2
∑r
i=2 αi = e1 + e2
Cr αi = ei − ei+1 1 ≤ i < r α
±
ij = ei ± ej 1 ≤ i < j ≤ r
αr = 2er αii = 2ei 1 ≤ i ≤ r
θ = 2
∑r−1
i=1 αi + αr = 2e1
Dr αi = ei − ei+1 1 ≤ i < r α
±
ij = ei ± ej 1 ≤ i < j ≤ r
αr = er−1 + er
θ = α1 + 2
∑r−2
i=2 αi + αr−1 + αr
= e1 + e2
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Table 8
g Simple roots ∆+
E6 αi = −ei + ei+1 1 ≤ i ≤ 4 α
±
ij = ±ei + ej 1 ≤ i < j ≤ 5
α5 =
1
2
(
e1 −
∑7
j=2 ej + e8
)
α±±±±± =
1
2
(∑5
j=1(±)ej − e6 − e7 + e8
)
even number of minus signs
α6 = e1 + e2
θ = 2α1 + 3α2 + 2α3
+ α4 + α5 + 2α6
= 1
2
(∑5
j=1 ej − e6 − e7 + e8
)
E7 αi = −ei + ei+1 1 ≤ i ≤ 5 α
±
ij = ±ei + ej 1 ≤ i < j ≤ 6
α6 =
1
2
(
e1 −
∑7
j=2 ej + e8
)
α78 = −e7 + e8
α7 = e1 + e2 α±±±±±± =
1
2
(∑6
j=1(±)ej − e7 + e8
)
odd number of minus signs
θ = 3α1 + 4α2 + 3α3
+ 2α4 + α5 + 2α6 + 2α7
= −e7 + e8
E8 αi = −ei + ei+1 1 ≤ i ≤ 6 α
±
ij = ±ei + ej 1 ≤ i < j ≤ 8
α7 =
1
2
(
e1 −
∑7
j=2 ej + e8
)
α±±±±±±± =
1
2
(∑7
j=1(±)ej + e8
)
even number of minus signs
α8 = e1 + e2
θ = 4α1 + 6α2 + 5α3 + 4α4
+ 3α5 + 2α6 + 2α7 + 3α8
= e7 + e8
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Table 9
g Simple roots ∆+
F4 α1 =
1
2
(e1 − e2 − e3 − e4) α±±± =
1
2
(e1 ± e2 ± e3 ± e4)
α2 = e2 − e3 α
±
ij = ei ± ej 1 ≤ i < j ≤ 4
α3 = e3 − e4 αii = ei 1 ≤ i ≤ 4
α4 = e4
θ = 2α1 + 2α2 + 3α3 + 4α4
= e1 + e2
G2 α1 = e1 − e2 α1, α2
α2 = −2e1 + e2 + e3 α13 = −e1 + e3, α23 = −e2 + e3
α+−+ = e1 − 2e2 + e3
α−−+ = −e1 − e2 + 2e3
θ = 3α1 + 2α2 = −e1 − e2 + 2e3
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